Spontaneously broken flavor symmetry involving the binary tetrahedral group T ′ relates parameters in the standard model. In one example the CP violating Pontecorvo-Maki-Nakagawa-Sakata phase δ P M N S and atmospheric mixing angle θ 23 of neutrinos are related to the Cabibbo mixing angle Θ C for quarks. A second formula relates a ratio of neutrino mass eigenvalues to the Cabibbo angle.
Introduction.
The standard model (SM) of particle theory based on SU(3) × SU(2) × U(1) suffers from a surfeit of parameters. With three quark-lepton families, non-zero neutrino masses and one Higgs doublet there are twenty-eight of them. Of particular interest for us here are the twenty parameters for masses and mixings of the quarks [ten: Θ ij (1 ≤ i, j ≤ 3), δ KM , m a q (1 ≤ a ≤ 6)], where δ KM is the Kobayashi-Maskawa phase, and of the leptons [another ten: θ ij (1 ≤ i, j ≤ 3), δ P M N S , m b l (1 ≤ b ≤ 6)], where δ P M N S is the Pontecorvo-Maki-Nakagawa-Sakata phase.
One approach to obtain non-trivial relationships between these parameters is to postulate a flavor (or horizontal) global symmetry G which commutes with the SM gauge group: [SU(3) × SU(2) × U(1)] local × [G] global and an especially appealing choice for G which we advocate involves T ′ , the binary tetrahedral group. The present model employs
The group T ′ is an order g = 24 non-abelian finite group which has various alternative designations such as 24/13 in Thomas and Wood [1] , or SL 2 (F 3 ). T ′ has seven conjugacy classes and hence seven irreducible representations 1 1 , 1 2 , 1 3 , 2 1 , 2 2 , 2 3 , 3. In theoretical physics, to our knowledge, the group T ′ was first used, for quarks, in [2] . Its use for neutrino mixings, subsuming a T symmetry [3] which may underwrite tribimaximal mixing [4] , was first suggested in [5] then elaborated in [6] . Between [2] and [5] other papers on T ′ symmetry appeared [7] . Paper [5] led to further articles [8] making use of T ′ although it should be emphasized that, unlike models discussed in [8] , the model discussed in the present Letter is renormalizable.
The classification and details of all non-abelian finite groups of order g ≤ 31 were provided, in a form most suitable to particle theory model builders, in [2, 9] which reformulated information from [1] . In particular, the multiplication table for T ′ is repeated here for the reader's convenience:
Kronecker Products for Irreducible Representations of T
The purpose of this article is to illustrate the use of a flavor symmetry containing T ′ to derive testable predictions relating, in a renormalizable theory, the SM parameters.
The Model
Our global flavor symmetry will be based on the finite group
. We assign the left-handed quarks to the following representations of
and for the right-handed quarks
and the leptons are assigned to
For the Higgs scalar sector we introduce the following fields:
. We shall henceforth refer to these simply as:
The Yukawa couplings of the quark sector are
where all Yukawa couplings are real Y = Y * with the exception of Y tu which introduces the phase δ KM .
The resultant up U and down D quark mass matrices are
where the superscripts refer to the component of the T ′ representation.
To arrive at the Cabibbo-Kobayashi-Maskawa matrix we select the vacuum alignmnent v
v (1)
which lead to a relation for the Cabibbo angle Θ C as follows.
The D matrix now has the texture
and defining
one can expand
Assuming ǫ ≪ 1 in Eq.(11) one finds
for the sine of the Cabibbo angle Θ C , a formula which has been derived in equivalent form long ago [10] . We can obtain other formulas which involve quark and lepton sectors. Here we illustrate the general method and reserve more details for a longer article [11] .
The Yukawa couplings for the lepton sector are
Of importance in this more unified approach to flavor symmetry is the role of the H 3 Higgs which acts as messenger between the quark and lepton sectors.
The mass matrix for the Majorana right-handed neutrinos is
so that it has two degenerate eigenvalues.
After a see-saw mechanism in a basis where the charged lepton mass matrix is diagonalized, the light neutrino Majorana mass matrix takes the form:
where s C = sin Θ C = m d /m s as in Eq. (12) , ω = exp(2πi/3) and
At this point, the predictive power of using T ′ symmetry becomes manifest. Our M ν depends on only two parameters, the Cabibbo angle s C (which is measured) and X which depends on the spectrum of the N Therefore by elimination of X we will extract non-trivial relations between the parameters, the principal point of our article.
Discussion
The SM cries out for more unification between the quark and lepton sectors, a hope which once upon a time rested on the now somewhat disfavored idea of grand unification with its concomitant hierarchy problem. Using a flavor group provides an alternative approach to reduce the number of parameters without introducing a hierarchy between the weak scale and another scale. The hierarchy conundrum may thereby only be postponed but for purposes of making predictions testable by experiment one can be motivated by only flavor symmetry [12] .
Returning to the counting of parameters in the PMNS mixing matrix, we can find from Eq.(15) that, given proximity to tribimaximal mixing, the PMNS phase (δ P M N S ) must satisfy
where ∆ 23 ≡ (π/4 − θ 23 ) is the deviation from maximal solar neutrino mixing and s C = sin Θ C is the Cabibbo angle. According to the PDG 2006 data compilation, √ 2 sin Θ C ≃ 0.32 and |∆ 23 | < 0.14 so Eq.(17) requires | tan(δ P M N S )| > 6.3.
Provided θ 13 is non-vanishing, this suggests CP violation for neutrinos is experimentally observable.
A second formula obtained by a linear expansion around tribimaximal neutrino mixing is for the ratio of neutrino mass eigenvalues
The right hand side of Eq.(18) is ≃ 0.45 which favors an inverted mass hierarchy.
As has hopefully become evident, spontaneously broken global symmetries can reduce the number of independent variables characterizing masses and mixings of quarks and leptons and thereby lead to empirically testable relations.
